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NEAR-HORIZON GEOMETRIES OF
SUPERSYMMETRIC BRANES
JOSÉ M FIGUEROA-O'FARRILL
Abstrat. This is the written version of my talk at SUSY '98 . It
presents a geometri haraterisation of the allowed near-horizon
geometries of supersymmetri branes. We fous primarily on the
M2-brane, but results for other branes (e.g., the D3-brane) are also
presented. Some new examples are disussed.
1. Motivation
There has been a lot of reent ativity on testing and generalising
the onjetured duality [37, 31, 43℄ between (the 't Hooft limit of)
superonformal eld theories and (the supergravity limit) of superstring
and M-theories.
In Maldaena's argument one deouples the gauge theory on the
brane from the bulk and studies the theory near the brane horizon. For
the maximally supersymmetri theories, the near-horizon geometry is
always a produt of an anti de Sitter spae and a round sphere; but
one an obtain theories with less supersymmetry on branes with non-
spherial near-horizon geometries; that is, by replaing the sphere by
some other manifold X . It is therefore interesting to determine the
possible X whih an appear and to explore their dual eld theories. In
this talk I will restrit myself to presenting a geometri haraterisation
of those X whih give rise to supersymmetri theories, but make no
attempt to relate the near-horizon geometries of the branes to the eld
theories on them. This aspet of the work will appear in [1℄.
Although this work has ertainly been motivated by the Maldaena
onjeture, it is not based on it and as a result I have made no at-
tempt in this talk to ompare these results with the inreasing number
of papers whih disuss non-spherial near-horizon geometries in this
ontext. This will be remedied in our forthoming paper [1℄.
The talk is organised as follows. I shall rst disuss the near-horizon
geometries of the elementary branes, fousing on the M2-brane. We
will then see how to generalise the solutions to obtain a dierent near-
horizon geometry with less supersymmetry. The possible supersym-
metri geometries will be haraterised and examples will be given. I
will onlude with some remarks and diretions for future work.
Date: July 13, 1998.
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2. Near-horizon geometries of supersymmetri p-branes
We start by briey reviewing the near-horizon geometry of the mem-
brane solution to D=11 supergravity. We then briey generalise this
to other supersymmetri p-branes.
2.1. Eleven-dimensional supergravity. Eleven-dimensional super-
gravity onsists of the following elds [38, 15℄: a Lorentzian metri g, a
losed 4-form F and a gravitino Ψ. By a supersymmetri vauum I will
mean any solution of the equations of motion with Ψ = 0 for whih
the supersymmetry variation δεΨ = 0, as an equation on the spinor
parameter ε, has solutions. Being linear in ε, the solution spae will
have dimension n. The eleven-dimensional spinorial representation is
32-dimensional and real, so there at most 32 linearly independent so-
lutions. An important physial invariant of a supersymmetri vauum
is the fration ν ≡ n/32 of the supersymmetry that the solution pre-
serves. For example, F = 0 and g the at metri on eleven-dimensional
Minkowski spaetime is a supersymmetri vauum with ν = 1that
is, it is maximally supersymmetri. Other maximally supersymmetri
vaua are adS4×S
7
and adS7×S
4
with ⋆F or F having quantised ux
on the S7 or S4, respetively.
Eleven-dimensional supergravity has four types of elementary solu-
tions with ν = 1
2
: the pp-wave and the KaluzaKlein monopole, about
whih I will have nothing else to say in this talk, and the elementary
brane solutions: the eletri membrane [19℄ and the magneti vebrane
[32℄. I will fous primarily on the membrane, sine as we will see, it
will allow for a muh riher near-horizon geometry.
2.2. The supermembrane. The elementary membrane solution has
the following form [19℄:
g = H−
2
3 g2+1 +H
1
3 g8 (1)
F = ± dvol2+1 ∧dH
−1 ,
where g2+1 and dvol2+1 are the metri and volume form on the three-
dimensional Minkowskian worldvolume of the membrane E
2,1
; g8 is the
metri on eight-dimensional eulidean transverse spae E
8
; and H is a
harmoni funtion on E
8
. For example, if we demand that H depend
only on the transverse radial oordinate r on E8, we then nd that
H(r) = 1 +
α
r6
(2)
is the only solution with limr→∞H(r) = 1. This orresponds to one of
more oinident membranes at r = 0. Flux quantisation of F implies
that α is quantised in units of ℓ611, with ℓ11 the eleven-dimensional
Plank length.
I should remark that more general H are possible, orresponding to
parallel membranes loalised at the singularities of H . In fat, we an
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take H(x) to be an arbitrary harmoni funtion on E8 with suitable
asymptoti behaviour H(x)→ 1, say, as |x| → ∞.
Although the membrane solution (1) with H given by (2) only pre-
serves ν = 1
2
of the supersymmetry, it nevertheless interpolates between
two maximally supersymmetri solutions: at E
10,1
innitely far away
from the membrane, and adS4×S
7
near the brane horizon [26, 16℄. Let
us see this in more detail.
2.3. Near-horizon geometry. Notie that the metri on the trans-
verse spae is given by
g8 = dr
2 + r2 gS , (3)
where gS is the metri on the unit sphere S
7 ⊂ E8. In the near-horizon
limit,
lim
r→0
H(r) ∼
α
r6
,
so that the membrane metri beomes
g = α−
2
3 r4g2+1 + α
1
3 r−2dr2 + α
1
3 gS .
The last term is the metri on a round S7 of radius R = α
1
6
; whereas the
rst two ombine to produe the metri on 4-dimensional anti de Sitter
spaetime with radius RadS =
1
2
R in Bertotti-Robinson oordinates:
gadS = R
2
adS
[
du2
u2
+
(
u
RadS
)2
g2+1
R2adS
]
,
with u = 1
4
r2/RadS.
2.4. Other branes. Similar onsiderations apply to other branes. The
magneti vebrane solution interpolates between Minkowski spaetime
asymptotially far away from the brane to adS7×S
4
near the horizon.
We will see, however, that the allowed near-horizon geometries for the
vebrane is muh more rigid than for the membrane above.
We an also onsider D3-branes in type IIB [34℄, whose metri is
given by
g = H−
1
2 g3+1 +H
1
2 g6 , (4)
where g3+1 is the metri on the Minkowski worldvolume of the brane
E
3,1
and g6 is the eulidean metri on the transverse E
6
. The self-dual 5-
form F has (quantised) ux on the unit transverse ve-sphere S5 ⊂ E6.
H is again harmoni and, if radially symmetri, is given by
H(r) = 1 +
β
r4
, (5)
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where now β is quantised in units of ℓ410, with ℓ10 the ten-dimensional
Plank length. The near-horizon geometry (see, for example, [37℄) is
given now by
adS5×S
5 ,
where both the radii of anti de Sitter spae and the sphere are equal
to β
1
4
.
Generally there are supersymmetri p-branes in D dimensions with
near-horizon geometry (we assume D − p > 4)
adSp+2×S
D−p−2 .
These solutions are all maximally supersymmetri. Sariing some
(but not all!) of the supersymmetry, one an obtain p-branes with
more interesting near horizon geometries. This possibility had been
envisaged, for example, in [17, 12℄.
3. Non-spherial horizons of generalised p-branes
In this setion I onsider the near-horizon geometries of generalised
p-branes preserving a smaller fration of the supersymmetry, and I will
answer the question posed at the start of this talk about whih are the
allowed near-horizon geometries.
3.1. Generalised p-branes. Let us look for solutions whose near-
horizon geometries are of the form
adSp+2×M
D−p−2 ,
where M is a ompat Einstein manifold with osmologial onstant
Λ = D− p− 3, just as for the standard unit sphere in ED−p−1. This is
neessary for solving the supergravity equations of motion.
Suh a near-horizon geometry arises from generalised p-branes whose
transverse spae is the (deleted) metri one C(M) ofM . Topologially,
C(M) ∼= R+×M , where R+ is the half-line, with parameter 0 < r <∞.
Geometrially, the one metri is not a produt, but rather
gC = dr
2 + r2 gM ,
where gM is the Einstein metri on M .
IfM = SD−p−2 is the sphere, then C(M) = ED−p−1\{0} is Eulidean
spae with the origin deleted. In this ase (and only in this ase), the
metri extends smoothly to the apex of the one: the point r = 0. More
generally, if (M, gM) is Einstein with Λ = dimM − 1, then C(M) is
Rii-at with a onial singularity; although this does not mean that
the brane solution is neessarily singular.
For example, if we substitute the eulidean transverse metri g8 by
suh a gC in the M2-brane solution (1), we obtain a solution of the
supergravity equations of motion with the same H as in (2) [12℄. Simi-
larly, substituting g6 for an appropriate gC in the D3 solution (4) yields
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a solution of the type IIB supergravity equations of motion with the
same H as in (5) [35℄.
Not every solution will be supersymmetri, however. Demanding
that the solution preserve some supersymmetry implies that M should
admit Killing spinors, satisfying:
∇(M)m ψ = ±
1
2
Γm ψ ,
where the sign depends on the sign of F in the solution. It is easy to
show that this equation is equivalent to
∇
(C)
M ψ = 0 ,
where ∇(C) is the spin onnetion on the metri one C(M). In other
words, M admits real Killing spinors if and only if its one C(M)
admits parallel spinors [3℄.
In what follows we will make the simplifying assumption that M
(and hene C(M)) is simply-onneted. Quotients, be they smooth or
orbifolds, have to be analysed ase by ase, whereas for the purposes
of this talk I am interested only in the generi ase.
Simply-onneted riemannian manifolds admitting parallel spinors
are lassied by their holonomy group [42℄. Beause C(M) is Rii-at,
we know that it annot be a loally symmetri spae. Moreover, by a
theorem of Gallot [23℄, the holonomy group ats on C(M) irreduibly
unless C(M) is at, in whih ase M is the round sphere. Therefore,
we need only onsider irreduible holonomy groups of manifolds whih
are not loally symmetri. In other words, those in Berger's table (see,
e.g., [5, 39℄).
Of those, the ones whih admit parallel spinors are given in the
following table, whih also lists the number N (or (NL, NR) in even D)
of linearly independent parallel spinors.
D Holonomy Geometry N
4k + 2 SU(2k + 1) CalabiYau (1, 1)
4k SU(2k) CalabiYau (2, 0)
4k Sp(k) hyperkähler (k + 1, 0)
7 G2 exeptional 1
8 Spin(7) exeptional (1, 0)
Table 1. D-dimensional manifolds admitting parallel spinors
If M , and hene C(M), were not simply-onneted, then the re-
strited holonomy group would be ontained in the above table. How-
ever a spinor whih is invariant under the restrited holonomy group
need not be parallel, beause it may still transform nontrivially under
parallel transport along nonontratible loops. Therefore the number
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of parallel spinors in C(M) will be at most the number shown in the
table.
3.2. Near-horizon geometries. What an one say about the near-
horizon manifold M when its one C(M) is one of the manifolds in
Table 1? We will see that M admits some interesting geometri stru-
tures built out of the natural objets present in C(M).
First and foremost, C(M) is a one. This means that it has a priv-
ileged vetor eld, the Euler vetor ξ ≡ r∂r, whih generates the
resaling dieomorphisms. In addition, the one has redued holo-
nomy, whene the holonomy priniple guarantees the existene of er-
tain parallel tensors. Out of these tensors and the Euler vetor, one
an onstrut interesting geometri strutures on M , identied with
{1} ×M ⊂ C(M).
For example, if C(M) has Spin(7) holonomy, then it has a parallel
self-dual 4-form Ωthe Cayley form. We an dene a 3-form φ on M
by ontrating the Euler vetor into the Cayley form:
φ ≡ ı(ξ) · Ω so that Ω = dr ∧ φ+ ⋆φ .
Beause Ω is parallel in C(M), it follows that ∇φ = ⋆φ on M . In other
words [28℄, M has weak G2 holonomy . The onverse also holds, so that
M has weak G2 holonomy if and only if its metri one has Spin(7)
holonomy [3℄.
Similarly, if C(M) has G2 holonomy, then it possesses a parallel 3-
form Φ, the assoiative 3-form, whih together with its Hodge dual
4-form Φ˜ ≡ ⋆Φ generate the ring of parallel forms. Contrating the
Euler vetor into the assoiative 3-form Φ obtains a 2-form
ω ≡ ı(ξ) · Φ .
This form denes an almost omplex struture J on M by
〈X, J Y 〉 = ω(X, Y ) .
Beause Φ is parallel in C(M), J obeys ∇XJ(X) = 0 for any vetor
eld X , but ∇XJ 6= 0. In other words [27℄, M is nearly Kähler but not
Kähler. Again there is a onverse to this, so that a manifold is nearly
Kähler but non-Kähler if and only if its metri one has G2 holonomy
[3℄.
Similarly it is possible to reognise the geometri strutures for the
hyperkähler and CalabiYau ases.
Every parallel omplex struture I on C(M) gives rise to a Sasaki
[40℄ struture on M :
• a unit norm Killing vetor X , whih in this ase is given by I ξ;
• a dual 1-form θ = 〈X,−〉;
• a (1, 1)-tensor T = −∇X satisfying, for all vetor elds V,W ,
∇V T (W ) = 〈V,W 〉X − θ(W ) V .
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In fat, it is easy to see that C(M) is Kähler if and onlyM is Sasaki.
Beause C(M) is CalabiYau if and only if it is Rii-at and Kähler,
it follows that C(M) is CalabiYau if and only if M SasakiEinstein;
that is, Sasaki and Einstein [20, 21, 3℄. Similarly it is shown in [21, 3, 9℄
that C(M) is hyperkähler if and only if M is 3-Sasaki , so that it has
three Sasaki strutures (Xi, θi, Ti) for i = 1, 2, 3 obeying a series of
identities derived from the fat that the Killing vetors Xi satisfy an
su2 Lie algebra.
A good review of the geometry of manifolds admitting Killing spinors
is given in [4℄. For the latest word on Sasaki strutures, see [8℄.
3.3. New supersymmetri horizons. Let us now apply the preed-
ing geometrial analysis to the ase at hand. If the transverse spae to a
supersymmetri p-brane in D dimensions is a simply-onneted metri
one C(M), then the near-horizon geometry is of the form adSp+2×M
d
,
where d = D − p − 2. Every suh solution will preserve a fration µ
of the supersymmetry relative to the round sphere, whih is maximally
supersymmetri. Changing the orientation of M yields a fration µ¯.
The possible geometries together with the frations are listed in the
following table.
d Geometry of M (µ, µ¯)
any round sphere (1, 1)
7 weak G2 holonomy (
1
8
, 0)
SasakiEinstein (1
4
, 0)
3-Sasaki (3
8
, 0)
6 nearly Kähler (1
8
, 1
8
)
5 SasakiEinstein (1
4
, 1
4
)
Table 2. Possible near-horizon geometries of supersym-
metri branes
Notie in partiular that for d = 4, orresponding to the M5-brane,
the only simply-onneted geometry is spherial.
4. Examples
We now take a look at examples of some of these manifolds. The
homogeneous examples were studied intensively in the eighties in the
ontext of KaluzaKlein ompatiations of supergravity theories [14,
18℄. However many non-homogeneous examples have reently been
onstruted, espeially in 7 dimensions whih, as an be gleaned from
Table 2, is the rihest dimension. This orresponds to the near-horizon
geometries of generalised M2-branes [17℄.
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4.1. Seven dimensions. Consider the generalised mambrane solution
(1) and (2) and replae the transverse spae E
8
by a one over a seven-
dimensional Einstein manifold M . We an take M from the following
(inomplete) list:
• 3-Sasaki (ν = 3
16
)
 SU(3)/S (U(1)× U(1))
 N010 [13℄
 A new innite tori family reently studied in [7℄ and [11℄
• SasakiEinstein (ν = 1
8
)
 Mpqr [44, 14℄
 Cirle bundles over Kähler 3-folds (see, e.g., [8℄)
◦ CP1 × CP1 × CP1
◦ CP1 × CP2
◦ CP3
◦ SU(3)/T2
◦ Gr(2|5)
• weak G2 holonomy (ν =
1
16
)
 Any squashed [22℄ 3-Sasaki manifold (e.g., the squashed 7-
sphere)
 SO(5)/SO(3) [14℄
 Npqr [13℄
 The AloWallah spaes [2℄
Let us remark that the manifolds listed here omprise innitely many
dierent homotopy types. In fat, this already happens just for the
AloWallah spaes, whih in addition ontain exoti dierentiable
strutures [36℄. The innite tori family of [7, 11℄ onsists of non-
homogeneous examples whih ontain all the possible rational homo-
topy types allowed for 3-Sasaki 7-dimensional manifolds: b2 = b5 are
the only nonzero Betti numbers, and there are examples with arbitrary
b2 [11℄. The ones over this tori family form a sublass of a larger
lass of tori hyperkähler eight-dimensional manifolds [6℄, whih was
also studied in [24℄ in the ontext of interseting branes. In fat this
work was reported on by Gibbons in this same onferene a year ago
[25℄.
4.2. Six dimensions. The maximally supersymmetri solution on-
sists of taking S6, but solutions with 1
8
as muh supersymmetry are
possible by taking M to be a nearly Kähler manifold. Examples of
nearly Kähler six-dimensional manifolds are
• CP3 ∼= SO(5)/U(2) with the natural SO(5)-invariant metri;
• The omplex ag manifold F (1, 2|3) ∼= U(3)/[U(1)×U(1)×U(1)]
with the natural U(3)-invariant metri;
• S3 × S3 with the metri making into a riemannian 3-symmetri
spae (see, e.g., [30℄);
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Six-dimensional nearly Kähler manifolds have many properties sim-
ilar to CalabiYau 3-folds. For example, non-Kähler suh manifolds
have vanishing rst Chern lass [29℄.
4.3. Five dimensions. These manifolds an be understood as the
near-horizon geometries of D3-branes in type IIB superstring theory in
ten dimensions. The maximally supersymmetri geometry is S5, but
geometries with
1
4
as muh supersymmetry are possible by taking M
to be a EinsteinSasaki manifold. Those for whih the ation of the
Killing vetor X in the Sasaki struture bres, are irle bundles over
the del Pezzo surfaes Pk with 3 ≤ k ≤ 8 with KählerEinstein metri
[41℄ or CP
1 × CP1 [20, 8, 35℄.
5. Conlusions
Geometry and supersymmetry have always benetted from a healthy
and fruitful relation and the latest developments in superstring theory
are no exeption. I hope to have exhibited onvining evidene of the
rihness of near-horizon geometries for supersymmetri branes. Conje-
turally, these geometries should eah have a dual quantum eld theory
and the obvious next step is to investigate this duality in detail to see
what an be learned about the quantum eld theory from the near-
horizon geometry (and eventually even vieversa). In our forthoming
work [1℄ we will report on a rst step in this diretion.
We have made a simplifying assumption about the topology of the
near-horizon geometry; namely that it is simply-onneted. Clearly it
would be very interesting to onsider nite quotients of these spaes
and obtain other geometries with less supersymmetry.
Another interesting problem is the following. The tori examples
of 7-dimensional 3-Sasaki manifolds onsidered above were onstruted
via a quotient onstrution [10℄ akin to the hyperkähler quotient [33℄.
Does the 3-Sasaki quotient have a diret supersymmetri origin?
Finally it would be interesting to investigate the eet of superstring
dualities on the near-horizon geometries; and in partiular to see if these
generalised branes with less supersymmetry are dual to ongurations
of interseting (stati or not) elementary branes.
I hope to report on these and other related problems at a future date.
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